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Abstract

Large scale simulations of light-matter interaction in natural photosynthetic an-

tenna complexes containing more than one hundred thousands chlorophyll molecules,

comparable with natural size, have been performed. Photosynthetic antenna complexes

present in Green sulfur bacteria and Purple bacteria have been analyzed using a ra-

diative non-Hermitian Hamiltonian, well known in the field of quantum optics, instead

of the widely used dipole-dipole Frenkel Hamiltonian. This approach allows to study

ensembles of emitters beyond the small volume limit (system size much smaller than

the absorbed wavelength), where the Frenkel Hamiltonian fails. When analyzed on a

large scale, such structures display superradiant states much brighter then their single

components. An analysis of the robustness to static disorder and dynamical (thermal)

noise, shows that exciton coherence in the whole photosynthetic complex is larger than

the coherence found in its parts. This provides evidence that the photosynthetic com-

plex as a whole has a predominant role in sustaining coherences in the system even at

room temperature. Our results allow a better understanding of natural photosynthetic

antennae and could drive experiments to verify how the response to the electromagnetic

radiation depends on the size of the photosynthetic antenna.

1 Introduction

Photosynthesis is a fundamental process able to capture Sun’s energy and convert it into

biochemical energy used to drive cellular processes.1 Here we investigate antenna complexes

of photosynthetic anaerobic bacteria: the Chlorobium Tepidum Green sulfur bacteria (GSB)

and Rhodobacter sphaeroides Purple bacteria (PB) which are among the most efficient pho-

tosynthetic complexes in Nature.2 Indeed anaerobic bacteria have the ability to harvest sun-

light in deep murky waters, where incident light levels are much reduced beyond the already

dilute level on land.3,4 For instance, Purple bacteria have the ability to exploit extremely

weak light sources3–6 (less than 10 photons per molecule per second) and some species of
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Green sulfur bacteria even perform photosynthesis with geothermal radiation from deep-sea

hydrothermal vents at about 400◦C.7

Photosynthetic antenna complexes of anaerobic bacteria3,4,8–15 are comprised of a network

of Bacteriochlorophyll (Bchl) molecules which are typically modelled as two-level systems

(2LS) capable of absorbing radiation and transfering the resulting electronic excitation to

the reaction center (RC) where charge separation occurs, a process which precedes and drives

all other photosynthetic steps. To each 2LS a transition dipole moment (TDM) is associated

which determines its coupling with both the electromagnetic field and with other chlorophyll

molecules. Owing to the low solar photon density, photosynthetic aggregates operate in the

single-excitation regime, meaning that at most one excitation is present in the system at any

time. Antenna complexes of photosynthetic bacteria have an internal efficiency of almost

100% (i.e. nearly each photon absorbed produces a charge separation event in the RC).3,6

A possible origin of this incredible ability of bacterial photosynthetic systems to utilize

weak sources of incoherent light and funnel the collected energy to specific molecular ag-

gregates could be brought back to the high level of symmetry and hierarchical organization

characterizing the antenna complexes of bacterial photosynthetic organisms.16,17 Photosyn-

thesis in GSB involves chlorophyll pigments tightly packed in light-harvesting systems with

cylindrical shapes, known as chlorosomes1 and shown in Fig. (1). They are able to ab-

sorb the sunlight and transfer the electronic excitation to other fundamental units, such

as the baseplate and the Fenna-Matthews-Olson (FMO) trimer complex, and finally to the

reaction centers (RCs), where the incoming energy is converted into a charged-separated

state.3,6 Purple bacteria offer an alternative organization of the antenna system. The main

photosynthetic units of Purple bacteria are the chromatophores (≈ 60 nm in size)4 which

contain about 5000 BChl molecules,18,19 and are composed of different antenna complexes:

LHI, LHII and the RC.4,20,21 LHI and LHII complexes show a very well ordered disposi-

tion of Bchl molecules which are arranged in ring and S-shaped structures. The energy

collected by the chromatophore reaches the RC complex mainly through the LHI complex
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which surrounds it (see Fig. (2)).

The basic components of the photosynthetic antenna complexes of anaerobic bacteria

have been widely studied both theoretically and experimentally in Refs.20,22–27 Due to the

symmetric arrangement of Bchl molecules these structures display bright (superradiant) and

dark (subradiant) states in their single-excitation manifold.3,28 Bright states are charac-

terized by a giant transition dipole moment (much larger than the single molecule dipole

moment), while dark states exhibit a significantly smaller transition dipole moment com-

pared to that of a single molecule. In GSB bright states close to the lower excitonic state

have been found in cylindrical Bchl aggregates.26,29–33 Additionally, in the PB antenna com-

plex it is well-known that both LHI and LHII complexes display bright states close the lower

excitonic state.4,16,17,28,34

Nevertheless, the cooperative response to light of the entire photosynthetic antenna com-

plexes has not been theoretically studied thus far. Indeed, whether the arrangement of the

Bchl molecules in the entire GSB and PB antenna complexes is capable of supporting col-

lective states brighter than the single sub-units in the complex, is not a trivial question

to address. On one side, it is not guaranteed that the symmetry of the entire antenna

is capable of supporting a cooperative response larger than its sub-units. Moreover, the

most widely used theoretical model, the Frenkel Hamiltonian35 based on dipole-dipole in-

teraction, becomes ineffective beyond the small volume limit, i.e. when the system size is

comparable with the wavelength of the absorbed light. For this reason here we employ a ra-

diative Hamiltonian model, well-established in quantum optics for several decades.12,29 The

radiative Hamiltonian allows us to explore light-matter interaction of photosynthetic anten-

nae beyond the small volume limit, where the Frenkel Hamiltonian cannot be used. The

radiative Hamiltonian contains non-Hermitian terms that account for photon losses due to

spontaneous emission and accurately describes the effective interaction between molecules.

Even if the non-Hermitian part is usually considered in the frame of perturbation theory,

this approximation breaks down in large systems when resonances overlap.36
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In this study, we thus conduct a large-scale analysis of Green Sulfur Bacteria and

Purple Bacteria photosynthetic complexes. Specifically, we examine the GSB chlorosome,

which comprises three adjacent concentric cylinders containing more than 105 chlorophyll

molecules, see Fig. (1), and the entire chromatophore present in Purple Bacteria, containing

approximately 5 000 chlorophyll molecules, see Fig. (2).

We find that cooperative effects in the whole photosynthetic complex are enhanced with

respect to its smaller sub-units even when realistic levels of disorder and thermal noise are

considered.

2 Models and Methods

The positions and the orientations of the Bchl molecules in both GSB and PB, exhibit a high

degree of hierarchical order and symmetry. However, the connection between these structures

and their functionality remains an open question. Recent research by some of the authors of

this manuscript has demonstrated that the natural arrangement of Bchl molecules in GSB

cylindrical structures ensures the presence of cooperative effects even at room temperature.29

In this study, we analyze much larger complexes containing an order of magnitude more Bchl

molecules and thus more close to natural sizes.

Below we describe the specific complexes employed in this manuscript and the different

Hamiltonian models used to analyze their response to the electromagnetic field. We also

describe the theoretical methods used to analyze the robustness of their optical properties

to static disorder and thermal noise.

2.1 Antenna complexes in Green Sulfur Bacteria (GSB)

The most common pigments found in the GSB antenna6,37 are Bchls c, d, or e, along with

carotenoids, and to a lesser extent, Bchls a,24,38,39 although Bchls c is the most abundant pig-

ment.40,41 Pigment organization and orientations of the GSB chlorosome have been studied
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by using various spectroscopic methods, such as infrared and resonance Raman studies, solid

state NMR and cryo-EM, that have revealed that it can be formed by pigments assembling in

rod-like (cylindrical) aggregates with lateral lamellae.24,38,39,42–45 The specific structure are

strongly dependent on the growing and the environmental conditions.29,46,47 In particular,

Chlorobium Tepidum triple mutant antenna complexes present cylindrical structures that

can contain between 50 000 to 250 000 Bchlc. These structures typically range in size from

100 to 200 nm in length with widths and depths varying between 60 and 100 nm.37,48–50

Although natural antennae of GSB exhibit considerable variation in size and in the types

of Bchl aggregates present (such as lamellae and cylindrical structures), here we model

the antenna using only cylindrical structures to capture the primary natural features. The

cylindrical structures in GSB are made of concentric single wall cylinders, which are observed

to lie adjacently to each other on the baseplate.

The model that we consider is shown in Fig. (1). It is inspired by the antenna com-

plexes found in the Green sulfur bacterium C. Tepidum bchQRU triple mutant type, whose

chlorosomes exhibit a much more regular geometry with respect to the wild type. Neverthe-

less, both types exhibit very similar optical properties and demonstrate similar cooperative

effects.29,51 Below, we describe, in order of hierarchical complexity, the geometry of three

structures utilized in this study to model the cooperative effects occurring in the antenna

systems of photosynthetic GSB.

Complex A - single cylinder. In Fig.(1 A) we present the model utilized for a single

cylinder in the bchQRU triple mutant chlorosome. The cylinder comprises a stack of tightly-

packed rings of Bchl c molecules. Each molecule is treated as a dipole with a squared

dipole moment |µ⃗|2 = 30 D2, possessing a well defined orientation and position in space.29

Each ring has a radius R = 6 nm and contains 60 Bchl molecules separated by a nearest

neighbour distance d = 0.628 nm. The rings are equally separated by a vertical distance

h = 0.83 nm.29,38,51 In our simulations the single cylinder complex can contain up to 10 800

Bchl c molecules, resulting in a maximum length Lmax = 148.57 nm, corresponding to a stack
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of 180 rings. Further details about the geometry of the bchQRU triple mutant concerning

the positions and orientations can be found in Ref.29

Complex B - four concentric cylinders. Chlorosomes of GSB display a complex

arrangement of molecules on a multi-wall structure .6,29,38,39,52 Panel B of Fig. (1) depicts

the model we developed, wherein Bchl c molecules form four concentric cylinders. On each

cylinder, the dipoles positions and orientations are consistent with those found in the single

cylinder model of the bchQRU triple mutant, as explained in.29 The innermost cylinder has

a radius R = 3nm, while the distance from wall to wall is d = 2.1 nm.29,47

Complex C - three adjacent concentric cylinders. In panel C of Fig. (1) we

show a more elaborate model formed by three adjacent structures, each comprising four

concentric cylinders. The wall-to-wall distance between adjacent cylinders is set to 3 nm, a

realistic value according to Ref.24 The maximum length considered here is Lmax = 148.57

nm, corresponding to 180 vertical layers in each cylindrical structure. The largest system

considered in our simulations contains 132 840 Bchl c molecules, comparable with natural

sizes. The positions and orientations of dipoles on each tubular wall are the same as in

Complex A and B.

2.2 Antenna complexes in Purple bacteria (PB).

In Purple bacteria Rhodobacter Sphaeroides, the light-harvesting complexes are organized in

thousands of spherical membrane-embedded protrusions, called chromatophores which typi-

cally measure around 60 nm in diameter. Depending on the light conditions, Purple bacteria

can contain from 500 up to 2 500 chromatophores made of ∼ 5 000 Bchl molecules each.4

The major pigments in the chromatophores are the Bchl a 18,19 which are organized on differ-

ent complexes inside the chromatophores. Here we consider a portion of the chromatophore

(complex A) and the whole chromatophore (complex B):

Complex A - light-harvesting system subunit. The RC is directly surrounded by

the so-called light harvesting complex I (LHI). LHI is in turn surrounded by several smaller
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light harvesting complexes, the LHII complexes.2,4,53 As shown in panel A of Fig. (2) two RCs

are surrounded by the light-harvesting complex LHI B875, which is an S-shaped structure

with 56 BChl molecules. The LHI aggregate is a J-aggregate with two superradiant states

at 875 nm that are polarized in the ring plane and close to the lowest excitonic state. The

LHI aggregate is surrounded by ten LHII rings, each featuring the B850 ring, a J-aggregate

composed of 18 BChl molecules with two superradiant states at 850 nm, and the B800 ring

composed of 9 BChl molecules with the main absorption peak at 800 nm. This hierarchical

structure is able to absorb photons at different frequencies and to funnel the collected energy

to the RC.4,16,17,34,54 In our simulation we model the RC as an aggregate of four BChls: two

forming the tightly-coupled special pair and two accessory ones.17 Even if other molecules

are present in the RC, these four Bchl molecules are the most relevant for the interaction

with the electromagnetic field.55

Complex B: the chromatophore. We model the whole 3D structure of the chro-

matophore using data from Ref.34 collected by AFM, cryo-EM, X-ray crystallography and

NMR measurements. In panel B of Fig. (2) our model of the chromatophore is shown with

different substructures: i) LHII (blue rings); ii) LHI (orange structures); iii) RC, placed

at the center of the LHI structures. Chromatophores, see Fig. (2 B), are connected to

the cell membrane at their south pole, therefore the southern polar region is left empty

(no molecular aggregates are placed there) to allow the contact with the cell membrane.56

The chromatophore spherical vesicles are reproduced by mapping small planar regions onto

spherical ones containing the LHI-RCs or an LHII complex with the area-preserving inverse-

Mollweide transformations, see Fig. (S1) in section S1 of the Supporting Information, used

also in Ref.34,57,58 While in nature the ratio between LHII and LHI-RC depends on illu-

mination and other conditions, here we consider a vesicle model that contains 9 S-shaped

LHI-RCs and 131 LHII complexes. The overall Bchl/RC ratio used in our simulation (229)

is within the natural range for these vesicles, which is between 108 and 248 and corresponds

to low-light growth conditions34 where these systems show the largest efficiency. The data
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for the LHI, LHII and RC are taken from Ref.4,17 Even if it would be more realistic to add

random rotations of LHII rings around the axis joining the center of the vesicle and the

center of the LHII rings, we checked that the effect of such random rotations is small, see

Fig. (S8) of section S5, and thus we did not include such rotations in our simulations.

2.3 The radiative Hamiltonian and the dipole approximation

Since photosynthetic antennae operate under natural sunlight, which is very dilute, the

single-excitation approximation can be used, so that only states containing a single excitation

have been considered. Choosing the basis states in the single-excitation manifold, where |i⟩

represents a state in which the ith molecule is excited while all the others are in the ground

state, the systems can be described through a radiative non-Hermitian Hamiltonian which

takes into account the interaction between the molecules mediated by the electromagnetic

field (EMF).12,12,13,59,60 The radiative Hamiltonian reads:

H =
N∑

i=1

e0|i⟩⟨i|+
∑

i ̸=j

∆ij|i⟩⟨j| −
i

2

N∑

i,j=1

Qij|i⟩⟨j| . (1)

where e0 is the excitation energy of single emitter (Bchl molecule in our case). The terms

∆ij and Qij have a diagonal part given by:

∆jj = 0 , Qjj =
4

3
µ2k3

0 = γ , (2)

with µ = |µ⃗| being the transition dipole moment (TDM) and k0 = 2π
λ0
, where λ0 is the

wavelength associated with the molecular transition. The off-diagonal part (i ̸= j) is given

by

∆ij =
3γ

4

[(
−cos(k0rij)

(k0rij)
+

sin(k0rij)

(k0rij)2
+

cos(k0rij)

(k0rij)3

)
µ̂i · µ̂j

−
(
−cos(k0rij)

(k0rij)
+ 3

sin(k0rij)

(k0rij)2
+ 3

cos(k0rij)

(k0rij)3

)
(µ̂i · r̂ij) (µ̂j · r̂ij)

]
, (3)
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Qij =
3γ

2

[(
sin(k0rij)

(k0rij)
+

cos(k0rij)

(k0rij)2
− sin(k0rij)

(k0rij)3

)
µ̂i · µ̂j

−
(
sin(k0rij)

(k0rij)
+ 3

cos(k0rij)

(k0rij)2
− 3

sin(k0rij)

(k0rij)3

)
(µ̂i · r̂ij) (µ̂j · r̂ij)

]
, (4)

where µ̂i := µ⃗i/µ is the unit dipole moment of the ith site and r̂ij := r⃗ij/rij is the unit

vector joining the ith and the jth sites. See section S2 of the Supporting Information for the

parameters we used for GSB and PB in the Hamiltonian.

Diagonalizing the Hamiltonian (1) we obtain the complex eigenvalues εn = En − iΓn

2

where Γn is the radiative decay of the nth eigenstate. In general Γn differs from the radiative

decay of the single molecule γ. In particular, when the ratio Γn/γ ≫ 1 we will talk about

a “superradiant state” (SRS) or bright state, otherwise when Γn/γ ≪ 1 the state is called

“subradiant” or dark. In other words, a SRS can radiate much faster than a single molecule,

while a subradiant one radiates at a rate much slower than the single molecule radiative decay.

If the non-Hermitian term Qij can be considered a small perturbation, the optical absorp-

tion of an eigenstate can be estimated in terms of its dipole strength, computed using only

the Hermitian part of the Hamiltonian (1). Denoting the nth eigenstate of the Hermitian

part of the Hamiltonian (1) with |En⟩, we can expand it on the site basis, so that

|En⟩ =
N∑

i=1

Cni |i⟩. (5)

To each basis state |i⟩, a dipole moment µ⃗i is associated, corresponding to the TDM of

the ith molecule. If N is the total number of molecules, then we will express the TDM D⃗n

associated with the nth eigenstate as follows:

D⃗n =
N∑

i=1

Cni µ̂i. (6)

The dipole strength of the nth eigenstate is defined by |D⃗n|2 (note that due to normalization
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∑N
n=1 |D⃗n|2 = N).

The non-Hermitian part of the radiative Hamiltonian (1) can be treated as a perturbation

whenever the decay widths are much smaller than the mean level spacing computed using

the real part of the complex eigenvalues. When this criterion, known as resonance overlap

criterion,36 is valid, one can exclusively utilize the Hermitian part of the Hamiltonian. This

reduction in complexity accelerates calculations. The Hermitian part of the Hamiltonian (1)

is defined as follows:

HH =
N∑

i=1

e0|i⟩⟨i|+
∑

i ̸=j

∆ij|i⟩⟨j|, (7)

where ∆i,j is given in Eq. (3). Note that when the resonances do not overlap we have

|D⃗n|2 ≈ Γn/γ.

Finally, we note that when resonances do not overlap and the system size is much smaller

than λ0 (i.e. when k0rij ≪ 1), the Hermitian part of the radiative Hamiltonian reduces to

the standard dipole-dipole Frenkel Hamiltonian:

Hdip =
N∑

i=1

e0|i⟩⟨i|+
∑

i ̸=j

µ⃗i · µ⃗j − 3(µ⃗i · r̂ij)(µ⃗j · r̂ij)
r3ij

|i⟩⟨j|, (8)

In the following, we will analyzed all complexes using the three different Hamiltonian

models introduced in this section, namely:

1. NHH: non-Hermitian radiative Hamiltonian Eq. (1).

2. HH: Hermitian Hamiltonian Eq. (7) valid under the non-overlapping resonance crite-

rion.

3. DH: Dipole Hamiltonian Eq. (8) valid under the non-overlapping resonance criterion

and when the system size is small compared to the wavelength associated with the

optical transition of the molecules.
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2.4 Robustness to thermal noise and static disorder

Given a quantum state specified by the density matrix ρ̂ it is possible to define its coherence

length in the single-excitation manifold defined by the basis states |i⟩29,61,62 in the following

way:

Lρ =
1

N

(∑
ij |ρij|

)2

∑
ij |ρij|2

. (9)

Lρ in Eq. (9) measures how much a single excitation is spread coherently over the molecules

composing the aggregate. To give an idea of its physical meaning let us consider three

different simple cases:

• a pure localized state, ρ̂ = |i⟩⟨i|; then it is easy to see that the coherence length defined

in Eq. (9) is given by Lρ = 1/N . This case represents the minimal value that Lρ can

get.

• A completely delocalized mixed state characterized by the density matrix

ρ̂ = (1/N)
∑N

i=1 |i⟩⟨i|. (10)

In this case we have Lρ = 1. This state is maximally delocalized in the basis, but it is

completely incoherent.

• Lastly we consider the fully delocalized coherent state: ρ̂ = (1/N)
∑N

i,j=1 |i⟩⟨j|. In this

case we have Lρ = N . Note that any pure state with constant amplitude 1/
√
N over

the sites and arbitrary phases would give the same result.

It is easy to see that 1/N ≤ Lρ ≤ N . The closer Lρ is to N , the higher a coherent

delocalization can be assigned to our state. In the same way Lρ < 1 indicates an incoherent

localized state. States characterized by Lρ ∼ 1 have a little ambiguity (since both localization

and coherence are measured on the same length scale).

For all models we have computed the thermal coherence length at room temperature
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(T = 300 K), defined for a state at the canonical equilibrium and whose matrix elements are

given by:

ρij =
∑

n

e−βEn

Tr(e−βĤ)
⟨i|En⟩⟨En|j⟩, (11)

where β = 1/kBT .

A very important question to be answered is how much the symmetrical arrangement of

the molecules that produces superradiance, is also able to produce a large thermal coherence

length at room temperature. Note that even if we consider the coherence length at thermal

equilibrium, this does not mean that out-of-equilibrium processes are not important in molec-

ular nanotubes. Indeed in Ref.63 strong evidence of ultra-fast transport in natural structures

with transfer times less than 100 fs have been discussed. Nevertheless thermal equilibrium

can be considered as a worst case scenario for coherences. For this reason assuming thermal

equilibrium can be considered a good starting point to assess the structural robustness of

quantum coherence to thermal noise. In the following we calculate the coherence length Lρ

according to Eq. (9), using a thermal density matrix as in Eq. (11).

Natural complexes are not only affected by thermal noise but also by other sources of dis-

order due to the fluctuations in the local environment. In order to analyze the robustness to

this kind of disorder, we have considered time-independent and space-dependent fluctuations

of the excitation energy of the molecules in the aggregates. Specifically, we consider energy

fluctuations which are uniformly distributed around the excitation energy of the molecules

e0, between e0 −W/2 and e0 +W/2, where W represents the disorder strength. It is known

that static disorder induces eigenmodes localization64 and quenching of superradiance.65

3 Numerical results

In this section we show the numerical results obtained for the antenna complexes of GSB

and PB.
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3.1 Green Sulfur Bacteria complexes

Here, the complexes A, B, C of GSB described in Sec. 2.1 have been analyzed. In Fig. (3)

the spectrum of the three complexes is shown for the maximal length considered, L = 148.57

nm, corresponding to cylinders with 180 layers. Thus, for the three complexes we have

N = 10 800 (complex A), N = 44 280 (complex B), N = 132 840 (complex C) chlorophyll

molecules. Panels (A-C) in Fig. (3) show that the structure of all complexes allow for the

emergence of red-shifted superradiant states, close to the lowest excitonic states. Moreover

the amount of maximal superradiance ((Γ/γ)max) increases with the system size, see Fig. (4).

The largest amount of superradiance is present in complex C which is the largest one and

the closest to the natural size and structure of GSB antennae. Note that the fact that in

larger aggregates superradiance is enhanced is far from being trivial. Indeed, if we would

increase the system size by adding the molecules in the same positions but with randomized

dipole directions, no superradiant enhancement would be present, as shown in section S6 of

the Supporting Information.

By comparing the three Hamiltonians, see also discussion in section S3, we note that

for complex A, all of them give a good description of the superradiant states. For complex

B a deviation between DH and the other two models (NHH and HH) is observed, while

in complex C the three Hamiltonian models give different results. This shows that using

the most accurate Hamiltonian, which is the NHH model, is essential to describe large

photosynthetic antennae. The same behavior is also shown in Fig. (4). In each panel of

Fig. (4) we show the maximal decay width for each complex as a function the complex

length. In each panel the maximal decay width has been computed using three different

Hamiltonian models: DH, HH, NHH. For the DH and HH model we computed the maximal

decay width using the dipole strength, while for the NHH model the maximal decay width

has been computed using the imaginary part of the complex eigenvalues of the radiative

non-Hermitian Hamiltonian. As one can see in the largest complex Fig. (4 panel C) the

three Hamiltonians give very different results.
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The origin of the difference between the NHH and the other Hamiltonian models can be

explained by the overlapping resonance criterion,36 see panel D in Fig. (3). Indeed, when the

decay width becomes comparable with the eigenmodes mean level spacing, the non-Hermitian

part of the Hamiltonian cannot be treated perturbatively and the dipole strength Eq. (6)

does not describe anymore the decay widths of the eigenmodes.

In order to analyze the robustness of natural models to static disorder and thermal noise

we have chosen two figures of merit: the maximal dipole strength Eq. (6) and the thermal

coherence length Eq. (9). Both quantities have been studied as a function of the static

disorder strength W .

Fig. (5 A,B) shows the maximal dipole strength and the thermal coherence length for the

case of a single cylinder (complex A of the GSB) for different cylinder lengths. For complex

A we used the HH model to compute both figures of merits since the results obtained with

the latter model do not differ substantially from those obtained with the NHH model while

giving a substantial computational advantage.

In Fig. (5 A,B), one can see that both quantities increase with the system size, even if

the thermal coherence length tends to saturate. Moreover, both figures of merits show that

single cylinders are very robust to disorder and thermal noise. Indeed, their maximal value

(for W = 0) remains mostly unchanged up to values of the disorder strength comparable

with the thermal energy at room temperature (W = kBT for T = 300 K). Note that, in

natural systems, the static disorder strength is usually of the same order of magnitude of

the thermal energy. In Fig. (5 C,D) the maximal dipole strength (panel C) and the thermal

coherence length (panel D) are shown at W = 0 and W = kBT for different cylinder length

containing different number N of chlorophyll molecules. Interestingly the value of both figure

of merits is the same for the two values of disorder strength considered, showing their extreme

robustness to disorder. Moreover the maximal dipole strength (panel C) increases linearly

with N which shows that such structures are extremely effective at preserving cooperative

effects as a function of the system size. Indeed single excitation superradiance cannot increase
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faster than N . The thermal coherence also increases with the system size (panel D), even if

it shows a tendency to saturate as N increases.

We now consider in Fig. (6), the three different complexes for a fixed length corresponding

to 100 layers (82.17 nm), smaller than the maximal system length considered in Fig. (3,4).

Also in this case we used the HH model to compute both figures of merit since for this length

scale the HH model is quite accurate for all complexes, see discussion in section S3 of the

Supporting Information. While the maximal dipole strength decreases with disorder Fig. (6

A), it is still much larger than one even for W = kBT . On the other hand, the thermal

coherence length shows a large robustness to disorder, Fig. (6 B) up to W = kBT . In Fig. (6

C,D) the maximal dipole strength (panel C) and the thermal coherence length (panel D)

are shown at W = 0 and W = kBT as a function of the number N of chlorophyll molecules

present in the three different complexes A,B,C. The most important feature of both figures

of merit is that they grow as a larger portion of the photosynthetic antenna is considered,

showing that the structure of the GSB photosynthetic antenna as a whole is able to support

excitonic coherences. Note that in presence of disorder, the maximal dipole strength grows

slower with N compared with the case of zero disorder (panel C). On the hand, the value of

the coherence length is the same for the two values of disorder strength considered, showing

its robustness to disorder (panel D), but as N increases it shows a tendency to saturate.

3.2 Purple bacteria Complexes

Here we analyze the whole chromatophore of the Purple bacteria antenna complex (complex

B), see Fig. (2 B) containing 4 113 chlorophyll molecules. As a comparison we will also

analyze complex A, see Fig. (2 A).

Fig. (7) shows the spectra of the two complexes obtained by diagonalizing the three

Hamiltonians models (HH, NHH and DH). Panels (A-B) of Fig. (7) demonstrate that both

PB complexes allow the emergence of red-shifted superradiant states. Furthermore, the

amount of superradiance is larger in the larger complex, the chromatophore. It is interesting
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to note that all Hamiltonian models (HH, NHH and DH) give very similar results in both

the complexes considered. The HH model and the NHH model give similar results since, as

it is shown in panel C of Fig. (7), the decay widths are always smaller than the eigenmodes

mean level spacing, so that the non-Hermitian part of the Hamiltonian can be treated per-

turbatively. The DH model is also a good approximation even for the whole chromatophore

since L/λ ≈ 0.1 so that we are in the small volume limit.

Finally, we analyze the robustness to static disorder and thermal noise using the average

maximal dipole strength (6) and the average thermal coherence length (9) as figures of merit.

Both of them have been computed using the HH model.

In Fig. (8) the average maximal dipole strength and thermal coherence length for both

complexes A and B are shown as a function of the disorder strength W rescaled over the

thermal energy kBT at room temperature, T = 300 K. For sake of comparison, we also add

the data for the S-shaped LHI (green symbols), indicated by the cyan structure in Fig. (2

A), which is smaller than complex A and complex B.

As for the GSB complexes, the maximal dipole strength decreases with disorder Fig. (8

A), even if it is still much larger than one for W = kBT . On the other hand, the thermal

coherence length shows a large robustness to disorder, Fig. (8 B) up to W = kBT . In Fig. (8

C,D) the maximal dipole strength (panel C) and the thermal coherence length (panel D)

are shown at W = 0 and W = kBT as a function of the number N of chlorophyll molecules

contained in the S-shaped LHI and complexes A and B.

Both figures of merit grow as a larger portion of the photosynthetic antenna is considered.

Note that in presence of disorder, the maximal dipole strength grows slower withN compared

with the case of zero disorder (panel C). On the hand, the value of the coherence length is the

same for the two values of disorder strength considered, showing its robustness to disorder

(panel D). Nevertheless, as N increases, it shows a tendency to saturate.
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4 Conclusions

In this manuscript large scale simulations of the whole antenna complexes of Green sulfur

bacteria and Purple bacteria have been performed using a radiative non-Hermitian Hamilto-

nian, which, at variance with the standard Frenkel dipole Hamiltonian, is valid beyond the

small volume limit. The largest Green sulfur antenna complex considered was composed of

132 840 Bchlc molecules, arranged in three adjacent cylinders, each composed of 4 concentric

cylinders of different radii. The size of the largest complex was 148.57 nm×18.6 nm×61.8 nm,

comparable with the size of natural antenna complexes. For the Purple bacteria the whole

chromatophore was considered, which is a spherical structure of 60 nm of diameter and

composed of 4 113 Bchla molecules.

While smaller portions of these complexes have been widely analyzed in literature and

superradiance has been found both theoretically and experimentally, an open question was

whether superradiant effects will be enhanced in the whole complex. Our analysis has shown

that the maximal superradiant decay width in the largest Green sulfur bacteria complex is

ten times larger than in a single wall cylinder of the same length (see Fig. (6) panel A), while

in the Purple bacteria chromatophore, it is about six times larger than in the single LHI

complex and about ten times larger than the single LHII complex (see Fig. (8) panels A and

B). This proves that the bare structure of the whole antenna complexes is able to support

an enhanced superradiant response. This is not trivial since superradiance critically depends

on the arrangement of the emitters and it can be easily quenched. Also the effect of realistic

values of static disorder and thermal noise have been investigated. The cooperative effects in

large complexes have been found to be robust even with disorder and noise levels comparable

with ambient conditions. In particular, the thermal coherence length in the largest Green

sulfur bacteria complex is between two and three times larger than in a single wall cylinder

of the same length, see Fig. (6 panel B) while in the Purple bacteria chromatophore the

thermal coherence length is approximately two times larger than in the single (S-shaped)

LHI complex.
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In analyzing different antenna complexes, we compared three distinct Hamiltonian mod-

els: the Dipole Hamiltonian, applicable in the small volume limit; the Hermitian Hamilto-

nian, valid when the decay widths are significantly smaller than the mean level spacing; and

the full radiative non-Hermitian Hamiltonian model. For Purple bacteria chromatophores,

all models yield consistent results due to the system’s small size (e.g., 60 nm) relative to the

absorbed wavelength (λ ≈ 800 nm) and the limited number of Bchl molecules present. How-

ever, for the largest complexes considered in Green sulfur bacteria, only the non-Hermitian

Hamiltonian model proved effective in providing reliable results.

The presence of very bright (superradiant) states in the whole photosynthetic antenna

could shed new light in understanding the functionality of such complexes. In particular,

the presence of superradiance and subradiance plays an important role for the efficiency of

the energy transfer in these aggregates.17,66 Let us also remark that the system dynamics

strongly depends on the choice of the initial state which is mainly determined by the most

superradiant states, see section S4 for a more detailed discussion about the delocalization of

superradiant states in PB and GSB antennae.

Our theoretical findings could inspire experimental validation of the extent of cooperative

response in natural complexes predicted in this manuscript. To address these experiments,

spectroscopy methods can be employed to characterize the size dependence of the optical

response, comparing different portions of the photosynthetic antennae extracted from Green

and Purple bacteria, with the whole photosynthetic structures. In particular, the radiative

decay widths obtained through time resolved fluorescence spectroscopy and the quantum

yield obtained from spectrofluorimetric measurements conducted at different temperatures

(from 77 K to room temperature) could provide a clear signature of cooperative effects

present in large photosynthetic aggregates.

The cooperative properties, akin to those observed in photosynthetic aggregates, are in-

spiring numerous proposals for engineering artificial devices for light-harvesting and clean

energy production.67–74 Thus, our study could significantly impact the development of quan-

19



tum devices for photon detection and light harvesting.
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Figure 1: Architecture of GSB light-harvesting complexes. Cylindrical complexes represent-
ing the Green sulfur bacterium bchQRU triple mutant antenna system. (A) Complex A: a
section of a single cylinder with a radius R = 6 nm and 5 layers is represented. Each Bchl
molecule is associated to a transition dipole moment represented by an arrow with a well
defined position and orientation. Black (red) arrows on the same ring characterizes dipoles
that point inward (outward) with respect to the tangent plane of the cylinder by a small
angle α = ±4◦.29,38 (B) Complex B: representation of the structure with four concentric
cylinders with radii of 3− 5.1− 7.2− 9.3 nm and containing respectively 30− 51− 72− 93
dipoles per ring. On each wall the positions and the orientations of the transition dipole
moments are the same as in panel (A). (C) Complex C: model formed by three adjacent
cylindrical aggregates with four concentric rolls each.
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Figure 2: Architecture of PB light-harvesting complexes. The two complexes A and B of
Purple bacteria Rhodobacter sphaeroides light-harvesting systems are shown. (A) Complex
A: light-harvesting system including two reaction centers RCs (purple) surrounded by the
antenna complex LHI B875 (cyan), which is surrounded by 10 LHII B850 and LHII B800
(respectively yellow and orange). Complex A light-harvesting system contains N = 334 Bchl
molecules. Black arrows represent the positions and orientations of transition dipole moments
associated to each Bchla molecule. (B) Complex B: the vesicle with a radius R = 30 nm
contains 9 LHI+RC complexes (orange S-shaped complexes) and 131 LHII (B800 + B850)
complexes (light blue circles). The total number of molecules is N = 4113 and the area of
the empty spherical cap at the south pole is Aemp = 39.17 nm2 (for more details about the
geometry see56).
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Figure 3: Superradiant states in Green Sulfur Bacteria Antennae. Complexes A (single
cylinder, green), B (four concentric cylinders, red) and C (three adjacent concentric cylin-
ders, blue) are shown in the respective panels (Panels A,B,C). Three different Hamiltonian
models are compared for each complex using different shades of colour (NHH: non-Hermitian
Hamiltonian Eq. (1, dark), HH: Hermitian Hamiltonian Eq. (7, medium shade), DH: Dipole
Hamiltonian Eq. (8, light). The squared dipole strength |Dn|2, see Eq. (6), is shown for the
HH and DH model, while the radiative decay width Γn/γ is shown for the NHH model as
a function of the energy En − e0. Panels (A-C) show only the lowest part of the energy
spectrum where the most superradiant states are located. Results are computed by using
a fixed length L = 148.57 nm for each aggregate, which corresponds to the maximal length
analyzed (180 layers per cylinder). (Panel D) Ratio between the decay width Γn obtained
by diagonalizing the full radiative Hamiltonian (NHH model) in Eq. (1) and the mean level
spacing δ as a function of the energy En − e0 for complexes A (dark green), B (dark red),
C (dark blue) with a fixed length L = 148.57 nm. The mean level spacing δ is computed
as the ratio between the energy spectral width and the total number of eigenmodes for each
complex. Green, blue and red squares indicate the positions in the energy spectra of the
most superradiant state for each complex. The horizontal dashed line represents the value
of the ratio (Γn/δ = 1) above which resonances overlap.
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Figure 4: Cooperativity in GSB complexes. Panels A, B, C: the maximal decay width is
shown for different complexes A (green symbols in panel A), B (red symbols in panel B), C
(blue symbols in panel C) as a function of the length of the aggregates L, normalized to the
transition wavelength of a single molecule λ0, see Tab. (S1) in section S2. The maximal decay
width has been obtained from the dipole strength |D|2max for the DH model (crosses) and the
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which is the most accurate model, symbols (squared) have been connected by lines. The
maximal length we considered is L = 148.57 nm, that corresponds to aggregates comprising
180 layers.
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dipole strength (panel A) defined in Eq. (6) and the thermal coherence length (panel B)
shown in Eq. (9) as a function of the normalized static disorder W/kBT are shown for a
GSB single wall cylinder (complex A) with different lengths L, comprising nL layers. The
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model Eq. (7) and averaging over 10 disorder realizations. kBT is the thermal energy at
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(C-D): average maximal dipole strength (panel C) and thermal coherence length (panel D)
as a function of the number N of Bchl molecules at zero disorder (red stars) and at room
temperature (black squares).
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Figure 6: Robustness to static disorder and thermal noise: comparison between GSB com-
plexes A,B,C. Comparison between aggregates with a single cylinder (complex A, green
circles), four concentric rolls (complex B, red circles) and three adjacent aggregates (com-
plex C, blue circles). The average thermal coherence length and the average maximal dipole
strength have been computed using the HH model Eq. (7) and averaging over 10 disorder re-
alizations for complexes A and B and 5 disorder realization for complex C. (Panel A) Average
maximal dipole strength defined in Eq. (6) as a function of of the normalized static disorder.
(Panel B) Average thermal coherence length, Eq. (9), as a function of the normalized static
disorder. In both panels the complexes have the same length L = 82.17 nm that corresponds
to nL = 100 layers. kBT is the thermal energy at room temperature T = 300 K. The vertical
dashed line represents W = kBT . Panels (C-D): average maximal dipole strength (panel C)
and thermal coherence length (panel D) as a function of the number N of Bchl molecules at
zero disorder (red stars) and at room temperature (black squares).
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Figure 7: Superradiant states and cooperativity in Purple bacteria Antennae. (Panels A)
Complex A (light-harvesting system with an LHI S-shaped system with 2 RCs surrounded
by 10 LHII rings in red colour). (Panels B) Complex B (entire PB chromatophore in blue
colour). Three different Hamiltonian models are compared for each complex using different
shades of colour (NHH: non-Hermitian Hamiltonian Eq. (1, in dark colours), HH: Hermitian
Hamiltonian Eq. (7, in medium shade of colours), DH: Dipole Hamiltonian Eq. (8, in light
colours). In panels A-B, the squared dipole strength |Dn|2, see Eq. (6), is shown for the
HH and DH models, while the radiative decay width Γn/γ is shown for the NHH model
as a function of the energy En − e0, where e0 is the average excitation energy of the Bchl
molecules found in PB antennae complexes, see Tab. (S2) in section S2. Panels (A-B) show
only the lowest part of the energy spectrum where the most superradiant states are located.
Panel (C) shows in log-scale the ratio between the decay width Γn, obtained by diagonalizing
the full radiative Hamiltonian (NHH model) in Eq. (1), and the mean level spacing δ as a
function of the energy En − e0 for complexes A (in dark red color) and B (in dark blue
colour). The mean level spacing δ is computed as the ratio between the energy spectral
width and the total number of eigenmodes for each complex. Red and blue squares indicate
the positions in the energy spectra of the most superradiant state for each complex. The
horizontal dashed line represents the value Γn/δ = 1 above which resonances overlap.
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Figure 8: Robustness to static disorder and thermal noise: comparison between PB complexes
A,B and LHI system. The average maximal dipole strength (panel A) and the average
thermal coherence length (panel B) are shown as a function of the normalized static disorder
W/kBT for complexes A (red circles), B (blue circles) and a LHI S-shaped system with
N = 56 (green circles). kBT is the thermal energy at room temperature T = 300 K. The
vertical dashed line represents W = kBT . The average thermal coherence length and the
maximal dipole strength defined respectively in Eq. (9) and Eq. (6) have been computed by
using the HH model Eq. (7). For each value of the disorder strength we average the thermal
coherence length and the maximal squared dipole strength over 10 disorder realizations.
Panels (C-D): average maximal dipole strength (panel C) and thermal coherence length
(panel D) as a function of the number N of Bchl molecules at zero disorder (red stars) and
at room temperature (black squares).
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(35) May, V.; Kühn, O. Charge and energy transfer dynamics in molecular systems ; John

Wiley & Sons, 2023.

(36) Celardo, G.; Auerbach, N.; Izrailev, F.; Zelevinsky, V. Distribution of resonance widths

and dynamics of continuum coupling. Physical review letters 2011, 106, 042501.

(37) Orf, G. S.; Blankenship, R. E. Chlorosome antenna complexes from green photosyn-

thetic bacteria. Photosynthesis research 2013, 116, 315–331.

(38) Günther, L. M.; Jendrny, M.; Bloemsma, E. A.; Tank, M.; Oostergetel, G. T.;
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(44) Pšenč́ık, J.; Arellano, J. B.; Ikonen, T. P.; Borrego, C. M.; Laurinmäki, P. A.;
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S1 Inverse-Mollweide projection

We use the inverse-Mollweide projectionS1 to map planar regions to spherical patches. The

Mollweide projection from a sphere onto a plane is an area-preserving projection that gen-

erates the familiar rendering of the Earth globe where circles of latitude are mapped onto

parallel lines on the plane. In order to model the PB chromatophore of radius R, see Sec. 2.2

in the main text, we use the following mapping:

β = arcsin

(
x√

2(R +∆z)

)
(S1a)

ξ =
πy

2
√
2(R +∆z) cos β

(S1b)

θ = arcsin

(
sin 2β + 2β

π

)
(S1c)





x′ = (R +∆z) cos θ cos ξ

y′ = (R +∆z) cos θ sin ξ

z′ = (R +∆z) sin θ

(S2)

where x and y are the in-plane coordinates of chlorophyll molecule positions, ∆z is the

vertical shift of the molecules with respect to the plane, ξ and θ are respectively the longitude

and the latitude angles and x′, y′ and z′ are the Cartesian coordinates on the sphere.

Panel A of Fig. (S1) shows the projection of a light-harvesting system comprising 2 RCs

and a S-shaped LHI surrounded by 10 LHII complexes B850 and B800 on a spherical cap. As

expected, the absorption spectrum of the projection on the sphere does not differ significantly

from that of the planar region, even though small variations that concerns both the positions

of the eigenmodes in the energy spectrum and the decay widths can be observed, see Fig. (S1

B).
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Figure S1: Inverse-Mollweide projection. Panel (A): Comparison between planar region and
spherical area preserving mapping of the PB complex A, see main text, on a spherical cap
with R = 6 nm. The projection has been obtained by using the inverse Mollweide projection
defined in Eq. (S1-S2). Panel (B) represents the radiative decay width as a function of the
wavelength computed by using the full radiative Hamiltonian in Eq. (1) for both the systems
on planar region (red circles) and on a spherical cap (green crosses).

S2 Radiative Hamiltonian parameters

In our model each molecule is represented as a two-level system with an excitation energy

e0 and a transition dipole moment (TDM) µ⃗. Specifically, we set the excitation energy e0 in

cm−1, corresponding to a transition wavelentgth λ0 = 1/e0×107 nm, so that the wave vector

is k0 = 2πe0 × 10−8 Å−1. Finally if µ⃗ is expressed in Debye and the corresponding squared

transition dipole moment |µ|2 in Å
3
cm−1 (for the conversion, seeS2), we can define the

radiative decay rate of each molecule γ = 4|µ|2k3
0/3, corresponding to the radiative lifetime

τγ (for the conversion, seeS3).

The parameters of the photosynthetic antennae considered here have been taken from

literature.S4–S9 They are shown in details respectively in Tab. (S1) and Tab. (S2). Moreover

the N-N couplings between dipoles on adjacent sub-units have been shown in Tab. (S3) for

both PB and GSB complexes.
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Table S1: Parameters for the Green sulfur bacteria photosynthetic antenna. In
GSB all the molecules have the same excitation energy e0, while their transition
dipole moments have the same magnitude but different orientations in the space.
Finally Ω1 and Ω2 are respectively the azimuthal and vertical N-N couplings in
GSB complex A.

Site energy e0 = 15 390 cm−1

Transition wavelength λ0 ∼ 650 nm

Wave vector k0 = 9.670 · 10−4 Å
−1

Dipole moment |µ⃗| =
√
30 D so that |µ⃗|2 = 151 024 Å

3
cm−1

Decay rate γ = 1.821 · 10−4 cm−1

Radiative lifetime τγ = 21.15 ns
N-N couplings Ω1 = 618 cm−1

Ω2 = 248 cm−1

Table S2: Parameters for the Purple bacteria. The table shows the site energies
and the nearest-neighbour couplings in each subunits of Purple bacteria light-
harvesting complex. The site energies are set to match the main fluorescence
peaks at 800 nm (B800), 850 nm (B850) and 875 nm (LHI). P1, P2 and B1
and B2 represent the four pigments found in each RC. The two strongly-coupled
monomers, indicated by P1 and P2, form the special pair, while the other two,
B1 and B2, are the accessory pigments in the RC. In the PB antenna, molecules
belonging to different subunits have different excitation energies and the nearest-
neighbour (N-N) couplings are given inS10 and also used inS9 and.S7 In the LHI
and LH2 B850 complexes alternating (alt.) N-N couplings have been used and
the excitation energies of the Bchl molecules in the LH2 B850 system are chosen
in alternation, as well. Furthermore the intensity of the transition dipole moment
|µ⃗| and the average excitation energy e0 computed as the weighted average of the
excitation energies of each sub-unit are shown.

Subunit Site energy [cm−1] N-N coupling [cm−1]
LHI B875 12 121 alt. 300 - 233
LHII B850 alt. 12 458 - 12 654 alt. 363 - 320
LHII B800 12 564 /

RC P1 12 180 (P1-P2) 500
(P1-B1) -50
(P1-B2) -60

P2 12 080 (P2-B2) -50
(P2-B1) -60

B1 12 500
B2 12 530

|µ⃗| 10.151 D
e0 12 500 cm−1
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Table S3: N-N couplings in PB and GSB complexes. N-N couplings Ω and
distances d between N-N dipoles belonging to adjacent sub-units in GSB and
PB complexes are computed by using the HH model and the parameters shown
in Tab. (S1) and (S2). For GSB complex B the N-N coupling between dipoles
on consecutive cylinders has been considered, while for PB complex B the N-N
coupling between dipoles belonging to adjacent LH2 systems is shown.

Complex N-N coupling Ω [cm−1] Distance d [nm]
GSB complex B 16 2.1
PB complex B 80 2.2

S3 Cooperativity in GSB antenna

In this section we consider GSB complexes A, B and C, see Sec. 3.1 in the main text, with

a length L = 82.17 nm, corresponding to 100 layers. Panels A, B and C of Fig. (S2) show

the energy spectra computed respectively for a single cylinder (A, in green colour), four

concentric cylinders (B, in red colour) and three adjacent cylinders with four concentric rolls

each (C, in blue colour). Here the three Hamiltonian models are compared: NHH (in dark

colours), HH (in medium shade of colours) and DH (in light colours). For complex A all

the models we considered (NHH, HH and DH) give a good description of superradiance, for

complex B the DH model is no longer valid, while HH and NHH model are in agreement

even if small deviations can be observed, finally for complex C the NHH model differs from

the HH model only in the most superradiant states, with a 20% difference, much smaller

than what happens for larger system sizes. This should be compared with Fig. (3), where

the larger system size is shown and where the differences between the HH and NHH model

are much larger (close to 60% for complex C) and involve a much larger number of states.

For this reason to study the robustness of cooperative effects to disorder and noise for this

system size (100 layers) we used the HH model, see discussion in Sec. 3.1.

In panel D of Fig. (S2), it is shown that for complexes A and B the non-Hermitian part of

the Hamiltonian can be considered perturbatively, while for complexes C only for the most

superradiant states the resonances overlap. Again this should be compared with panel (D)

of Fig. (3) where for larger system sizes it is shown that the decay widths of a much larger
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number of states overlap.
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Figure S2: Superradiant states in Green sulfur Bacteria Antennae. Complexes A (single
cylinder in green colour), B (four concentric cylinders in red colour), C (three adjacent
concentric cylinders in blue colour) are shown in the respective panels (Panels A, B, C). Three
different Hamiltonian models are compared for each model using different shades of colour
(NHH: non-Hermitian Hamiltonian Eq. (1, in dark colours), HH: Hermitian Hamiltonian
Eq. (7, in medium shade of colours), DH: Dipole Hamiltonian Eq. (8, in light colours).
The squared dipole strength |Dn|2, see Eq. (6), is shown for the HH and DH models, while
the radiative decay width Γn/γ is shown for the NHH model as a function of the energy
En − e0. Panels (A-C) show only the lowest part of the energy spectrum where the most
superradiant states are located. Results are computed by using a fixed length L = 82.17 nm
for each aggregate, which corresponds to 100 layers per cylinder. (D) This panel shows the
ratio between the decay width Γn obtained by diagonalizing the full radiative Hamiltonian
(NHH model) in Eq. (1) and the mean level spacing δ as a function of the energy En − e0
for complexes A (in dark green colour), B (in dark red colour), C (in dark blue colour)
with a fixed length L = 82.17 nm. The mean level spacing δ is computed as the ratio
between the energy spectral width and the total number of eigenmodes. Green, red and
blue squares indicate the positions in the energy spectra of the most superradiant state for
each complex. The horizontal dashed line represents the value of the ratio (Γn/δ = 1) above
which resonances overlap.
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S4 Probability distribution of the most superradiant

states

Knowing the cooperativity of the antenna complexes can be useful for understanding the

initial state to study the energy transfer within these aggregates. Indeed under light illu-

mination, superradiant states are the most excited ones and so they determine the correct

initial conditions for the energy transfer. To address this issue, here we consider the proba-

bility distribution over the sites of the superradiant states both in the GSB and in the PB

antenna.

S4.1 Most superradiant state in the GSB antenna

Here we consider GSB complex B with four concentric cylinders, comprising 180 layers.

Fig. (S3) shows how the three most superradiant eigenmodes are delocalized on the four

concentric cylinders.
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Figure S3: Delocalization of the superradiant states in complex B of GSB. The probability
| ⟨i|En⟩ |2 of the three most superradiant eigenmodes to be on the ith site of the aggregate is
shown. The most superradiant states are respectively the 23rd excited state (red continuous
line), the 266th exc. state (blue continuous line) and the 580th exc. state (green continuous
line). Here we consider an aggregate with four concentric cylinders (GSB complex B) made
of 180 layers with a length L = 148.57 nm. The vertical black dashed lines define the end of
an inner cylinder and the beginning of an outer one. The eigenstates of the system ⟨i|En⟩
are computed by using the radiative Hamiltonian in Eq. (1).
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S4.2 Most superradiant state in the PB antenna

Fig. (S4) and Fig. (S5) represent respectively the energy spectra of complexes A (red colour)

and B (blue colour) of PB antennae, showing the comparison between the three models

we used: NHH (square symbols), HH (circle symbols) and DH (cross symbols). The decay

width, computed using the NHH model, and the squared dipole strength, computed using

both the HH and DH models, are shown as functions of the wavelength in these figures.

The most superradiant states at approximately 800, 860, and 880 nm are indicated by black

arrows.

Fig. (S6) and Fig. (S7) show the probability of the most superradiant eigenstates being

delocalized across the sites of the system. Fig. (S6) refers to PB complex A, while Fig. (S7)

to PB complex B. Each panel in both figures represents the projection of one of the most

superradiant states, identified by black arrows in their respective energy spectra. These

figures reveal that in both complexes, superradiant states at 800 nm are primarily delocalized

over the sites of the LHII B800 rings, those at 860 nm are delocalized over the LHII B850

rings, and finally, superradiant states at around 880 nm are delocalized over the LHI system.
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Figure S4: Cooperativity and superradiance in PB light-harvesting systems (complex A).
Energy spectrum of the light-harvesting system found in Purple bacteria with N = 334
Bchls formed by a S-shaped LHI complex (B875) with 2 RCs surrounded by 10 LHII rings
(B850 and B800) (see panel (A) of Fig. (2)). Squared dipole strength computed by using HH
(circle symbols) and DH models (cross symbols) and radiative decay width (square symbols)
calculated with the NHH model as a function of the wavelength are represented. Black
arrows indicate the positions in the energy spectrum of the most superradiant eigenstates
which are delocalized on the subunits of the light-harvesting complex here considered, see
Fig. (S6).
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Figure S5: Cooperativity and superradiance in PB chromatophore (complex B). Energy spec-
trum of the chromatophore of Purple bacteria with N = 4113 Bchls (see panel (B) of
Fig. (2)). Squared dipole strength computed by using HH (circle symbols) and DH models
(cross symbols) and radiative decay width (square symbols) calculated with the NHH model
as a function of the wavelength are represented. Black arrows indicates the positions in the
energy spectrum of the most superradiant eigenstates which are delocalized on the subunits
of the light-harvesting complex here considered, see Fig. (S7).
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Figure S6: Delocalization of superradiant eigenmodes in complex A of PB. (Panels A-C)
delocalization of the most superradiant eigenstates on the sites of the system. | ⟨i|En⟩ |2
is the probability of the nth eigenstate to be delocalized on the ith site. The eigenstates
of the system are computed by diagonalizing only the Hermitian part of the full radiative
Hamiltonian described in Eq. (1). See Fig. (S4) to read the positions in the energy spectrum
of the most superradiant states. The colorbar on the right represents the values of the
probability of the nth eigenmode to be projected on a site.
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Figure S7: Delocalization of superradiant eigenmodes in complex B of PB. (Panels A-E) prob-
ability of the superradiant eigenstates | ⟨i|En⟩ |2 to be projected on the sites. The eigenstates
of the system are computed by diagonalizing only the Hermitian part of the full radiative
Hamiltonian described in Eq. (1). The colorbar on the right represents the values of the
probability of the nth eigenmode to be projected on a site. See Fig. (S5) to read the posi-
tions in the energy spectrum of the most superradiant states.
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S5 PB chromatophore structure

Here we consider a different model more for PB chromatophore. A vesicle (PB complex

B) where all the LHII rings are randomly rotated around the axis joining the center of the

chromatophore with the center of each LHII ring is studied. Fig. (S8) shows the comparison

between the energy spectra computed for a chromatophore with randomly rotated LHII rings

(magenta stars) and without rotations (blue diamonds) as a function of the wavelength.

Results are obtained by using the DH model (which is valid for the PB chromatophore). It

can be observed that the differences between the two cases are not very large. For this reason

we did not implement random rotations of the LHII complex in the PB chromatophore model

considered in the main text.
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Figure S8: Random rotations of LHII light-harvesting systems in the chromatophore of PB.
Comparison between the energy spectra computed for the chromatohore shown in the text
(blue diamond) and the chromatophore with LHII rings rotated around the axis joining the
origin of the vesicle and the center of the ring by a random angle (magenta stars). The dipole
strength as a function of the wavelength have been computed with the DH model shown in
Eq. (8).
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S6 Robustness of Superradiance with respect to ran-

dom dipole orientation.

The main purpose of this manuscript was to study cooperative effects at large scale, for

realistic photosynthetic antennae sizes. Our findings reveal that as the portion of the antenna

analyzed is increased, also the cooperative effects are enhanced. To show that this is not

a trivial effect, we here consider how cooperativity is affected when the dipole orientation

are partially randomized. For this reason we compare the results shown in Sec. 3 for the

PB and GSB complexes with these new models. For the GSB antenna, a system with four

concentric cylinders with 100 layers is considered. All the dipoles have the same positions

as the complex B presented in Sec. 2.1. The dipole orientation is randomized in all cylinders

but one (the one with radius of 7.2 nm which is the closest in diameter to GSB complex A).

On the other hand, for the PB antenna we consider a system where all dipoles have the same

positions as in the chromatophore presented in Sec. 2.2, nevertheless the dipole orientation

are randomized for all molecules except the molecules belonging to a single LHI + 2RCs

complex (which have been chosen at random among the 9 LHI+RC complexes present on

the chromatophore).

Fig. (S9) shows the dipole strength as a function of the energy computed with the HH

model for both PB and GSB complexes. For both models the comparison between the

randomized system and the realistic complexes (GSB complex B and PB complex B) shows

that the presence of randomized dipoles strongly decreases superradiance. Nevertheless, we

can observe that superradiance in random complexes is not completely suppressed. Indeed,

superradiant states survive and are characterized by dipole strengths comparable with those

found in the portion of the antenna whose dipoles have not been randomized. Probably this

is due to the fact that the coupling between different sub-units in the GSB and PB antennae

are not very strong. Indeed, in general surrounding an ordered structure, which presents

superradiance, with dipoles having random orientation could easily quench superradiance.
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Figure S9: GSB and PB spectra: the effect of randomness on superradiance. The squared
dipole strength as a function of the energy computed with the HH model is represented in
both panels A and B. (A) GSB complex with a fixed length L = 82.17 nm, corresponding to
100 layers. GSB complex B (in red colour) comprises four concentric cylinders, while GSB
complex A (in green colour) is made of a single wall. In both of them the dipoles orientations
are defined in the main text, see Sec. 2.1. GSB random dipoles (in blue colour) have the
same structure as in the GSB complex B, but with random orientation except for the the
3rd cylinder with radius R = 7.2 nm. (B) PB complex spectra are shown. PB complex B (in
red colour) represents the chromatophore described in Sec. 2.2, while PB LHI + 2RCs (in
green colour) comprises a single S-shaped LHI with two RCs projected on a spherical cap.
Finally, PB random dipoles (in blue colour) represent the chromatophore, where all dipoles
have random orientations, except those belonging to a single LHI + 2RCs.
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√
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